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Abstract 

Based on the generalized uncertainty principle, we study the entropy of a four-dimensional black 
hole by counting degrees of freedom near the horizon and obtain the (finite) entropy proportional to 
the surface area at the horizon without a cutoff introduced in the conventional brick-wall method. 
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Bekenstein suggested that the entropy of a black hole is proportional to the surface area 
at the event horizon [l|, and subsequently Hawking has proved that based on the quantum 
field theory the entropy of the Schwarzschild black hole satisfies the area law Q] . Motivated 
by these works, there have been many interesting works to study the statistical origin of 
the entropy 3), 0, ^, [f| . One of them is the well-known brick- wall method [3] , in which the 
divergence near the horizon can be removed by introducing a brick-wall cutoff. It can help 
us to understand the origin of entropy in various black holes js), ^, Q, [ll]. However, the 
introduction to the brick wall cutoff seems to be more or less unnatural. Recent calculations 
of the free energy and the entropy have been studied using the generalized uncertainty 



relation, in which there exists the minimal leng 



bound of the entropy has been obtained in Ref. 
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161 ]. In this regime, the 



14J and some detail calculations for 



the specific models are done in Ref. [15|, ll6j . The simplest way to generalize the uncertainty 
relation is to promote it to AxAp > h + |(Ap) 2 , which shows that there exists a minimal 



length, Ax > 2^ [13, ll8|. 



Specifically, as for a four-dimensional spherically symmetric black hole [jj], , the detail 



higher-order correction to the entropy near the horizon ro can be calculated as 
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Note that the higher-order corrections are not negligible, more worse, it is not convergent 

so that the result may not be reliable. So, in this paper, we would like to obtain the finite 

convergent entropy of the Reissner-Nordstrom(RN) black hole near the horizon with the 

generalized uncertainty principle(GUP) in the regime of the brick-wall method. There is no 

ultraviolet divergence at all as long as we use the generalized uncertainty relation when we 

count the density of states even at the horizon. 

Now, we consider the RN black hole, whose metric is given by 



dv 2 

ds 2 = -f(r)dt 2 + — — + r 2 d6 2 + r 2 sin 
f( r ) 



(2) 



with /(r) = 1 - 2M/r + Q 2 /r 2 , where M and Q are the mass and the electric charge of the 
black hole, respectively. Then, the inner (r_) and the outer (r + ) horizons are obtained as 



r± = M± a/ M 2 — Q 2 . In this black hole, the Hawking Temperature is T = /3~ l = k/ (2tt) = 
(r_|_ — r_)/(47rr 2 _), where k is the surface gravity at the outer horizon. 

The Klein- Gordon equation for a scalar field on this background becomes 

(□ - ^ = 0, (3) 



where \i is the mass of the field. Substituting the wave function $ = exp(— iut)if)(r, 9, ip) 
into Eq. (j3J), we obtain 



d 2 ip [2 1 df\ dip 1 



dr 2 ' \r ^ f dr J dr ^ f 



— - \f + — — — + cot 9— + esc 2 9- 



ij) = 0. (4) 



/ ^ r 2 <V, 
By using the WKB approximation with ip ~ exp[iS(r, 9, ip)], we obtain p 2 = 
f^ 1 [uj 2 / f — /i 2 — r^ 2 ^ 2 , — r~ 2 esc 2 9p 2 ? ] , where p r = dS/dr, p e = dS/d9, and p v = OS '/dtp. 
And the square module of momentum is given by p 2 = Pip % = g rr p 2 + g ee Pg + g^pt, = 
ijj 2 1 f — /i 2 . Then, the number of quantum states is obtained as 

If 1 

n ( UJ ) = /o-v3 / drd9d<pdp r dpgdp v , 
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where u > pyfj . Note that it is finite even at the horizon. This is the reason why the 
brick-wall cutoff is not necessary in our calculation. The free energy for a scalar field is 
given by F = — J^jduj and the entropy is obtained as 

S - 3 2 ^ 



3 



Svr J V7 J,VT 4 sinh 2 [1 + \(u 2 /f - fi 2 )} 
B 3 f r°° r(r 2 - r 2 ) 3 / 2 



12ttA 3 J J xo sinh 2 x [x 2 - x 2 + (3 2 f/(AX)} 3 '' 

where x = \f3u and xo = ^Pfiy/f. 

We now consider a thin layer between r + and r + + e for a nonextremal RN black hole 
near the horizon for the mode counting since the density of state is dominant in this region. 
Moreover, since xq goes to zero near the horizon, the entropy becomes 

f3 3 f°° x 4 

5 = 19^X3/ dX ■ 1,2 J ( X )> ( 7 ) 

12,nX a J smh x 

where 

Near the horizon, the metric can be simply written as f(r) rs f'(r + )(r — r+), where f'{r + ) = 
Ik = (r + — r_)/r^_. From the metric (TSJ), the minimal length is obtained as 

r- f r++e dr Fie 



Then, the integral © is calculated as 



iu) ~ r + r(r+)e2 = 2/t3AV + rio) 

1 ; ~ Ax 2 [x 2 + (3 2 f'(r + )e/(AX)} 2 x 2 + 4tt 2 ' 1 ; 

Substituting Eq. (jTUI) into Eq. ((Tj), we obtain 

4 7r 2 r 2 /-oo 2 
s = ^r ± ^ x 

3A 7 sinh 2 x(x 2 + 47r 2 ) 2 V ; 

Then, the integrand in Eq. ( TTTT) can be regarded as a complex function h(z) = z 2 /[sinh 2 ^(2; 2 + 
47r 2 ) 2 ] and poles of h(z) are given by z = ZTwr, where n's are integers except zero. The residues 
of are z/(247r) at z = 2iir and -2m(n 2 + 4)/[7r 3 (n 2 — 4) 3 ] at z = inir for n^2. By the 
residue theorem, the entropy becomes 
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where this finite result is exact in the near horizon limit. This entropy can be written as 
S = \A ■ j, where A = Airr 2 ^ and 5 = §[~C(3) — §f — f]- In order to satisfy the area law of 
entropy for this black hole, A is required to be the same with S. By recovering the dimension, 
the minimal length is obtained as 2v^A = 2\fb t v m 0.127484 x £ p , where t v is the Plank 
length. 

In conclusion, our calculation shows that it is possible to obtain the positive definite 
convergent entropy in the near horizon limit of the RN black hole by using the brick wall 
method along with the generalized uncertainty principle. Conversely, the requirement of 
the area law determines the arbitrary positive constant A in the generalized uncertainty 
principle. And, the most interesting thing to distinguish from the conventional method is 
that there is no divergence at all, which seems to be a generic behavior as long as we use 
the generalized uncertainty relation. 
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